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We study a membrane tube with unidirectional ion pumps driving an osmotic pressure difference.
A pressure driven peristaltic instability is identified, qualitatively distinct from similar tension-
driven Rayleigh type instabilities on membrane tubes. We discuss how this instability could be
related to the function and biogenesis of membrane bound organelles, in particular the contractile
vacuole complex. The unusually long natural wavelength of this instability is in agreement with
that observed in cells.
The “blueprint” for internal structures in living cells
is genetically encoded but their spatio-temporal organi-
sation ultimately rely on physical mechanisms.
A key contemporary challenge in cellular biophysics
is to understand the physical self-organization and reg-
ulation of organelles [1, 2]. Eukaryotic organelles bound
by lipid membranes perform a variety of mechanical and
chemical functions inside the cell, and range in size, con-
struction, and complexity [3]. A quantitative under-
standing of how such membrane bound organelles func-
tion have applications in bioengineering, synthetic biol-
ogy and medicine. Most models of the shape regulation
of membrane bound organelles invoke local driving forces,
e.g. membrane proteins that alter the morphology (of-
ten curvature) [4–6]. However other mechanisms, such as
osmotic pressure, could play an important role [7].
Membrane tubes are ubiquitous in cells, being found in
organelles such as the Golgi and endoplasmic reticulum
[3] and elsewhere. Models for their formation typically
involve the spontaneous curvature of membrane proteins
[5] or forces arising from molecular motors, attached to
the membrane, that pull tubular tethers as they move
along microtubules [8]. Many of these tubules may con-
tain trans-membrane proteins that can alter the osmotic
pressure by active transport of ions. Most work on the
biogenesis of cellular organelles has focused on their static
morphology and generally not on their non-equilibrium
dynamics. In what follows we consider an example in
which the out-of-equilibrium dynamics drives the mor-
phology, Fig. 1. Our study is inspired by the biophysics
of an organelle called the Contractile Vacuole Complex
but additionally reveals a new class of instabilities not
previously studied that are of broad, perhaps even uni-
versal, physiological relevance.
The Contractile Vacuole Complex (CVC) is an or-
ganelle found in most freshwater protists and algae that
regulates osmotic pressure by expelling excess water [10–
14]. Its primary features is a main vesicle (CV) that
is inflated by osmosis and periodically expels its contents
through the opening of a large pore - probably in response
to membrane tension - connecting it to the extracellular
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FIG. 1. (a) Diagram of the contractile vacuole complex. The
tube is shown connected to the main body of the CV (left).
As ions are pumped in, increasing the osmotic pressure, the
tube undergoes a swelling instability and undulations develop
with some wavelength λ. This phenomena is observed in the
contractile vacuoles of, e.g. paramecium multimicronucleatum
[9, 10]. (b) Schematic of a membrane tube with ion pumps
and surface undulations. A cartoon of a representative ion
pump is shown in the top right.
environment, thereby regulating cell volume [9, 14]. Wa-
ter influx into the CVC is due to an osmotic gradient gen-
erated by ATP-hydrolysing proton pumps in the mem-
brane that move protons into the CVC [12, 15–17]. In
many organisms such as Paramecium multimicronuclea-
tum, the CVC includes several membrane tubular arms
connected to the main vesicles, which are thought to be
associated with the primary sites of proton pumping and
water influx activity [18]. The tubular arms do not swell
homogeneously in response to water influx, but rather
show large undulatory bulges with a size comparable to
the size of the main CV, leading us to speculate that this
might even play a role in CV formation de novo. These
tubular arms appear to be undergoing a process simi-
lar to the Pearling or Rayleigh instability of a membrane
tube under high tension [19–26] or an axon under osmotic
shock [27], but with a much longer natural wavelength:
Rayleigh instabilities have a natural wave length λ ∼ R
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2where R is the tube radius. Here we derive the dynamical
evolution of a membrane tube driven out-of-equilibrium
by osmotic pumping.
In the CVC, the tubular arms are surrounded by a
membrane structure resembling a bicontinuous phase
made up of a labyrinth tubular network called the smooth
spongiome (SS). We assume this to represent a reservoir
of membrane keeping membrane tension constant and
uniform during tube inflation. It is possible to imple-
ment more realistic area-tension relations [26], however
this is beyond the scope of the present work.
The CVC is comprised of a phospholipid bilayer mem-
brane. This bilayer behaves in an elastic manner [28, 29].
At physiological temperatures these lipids are in the fluid
phase [3, 29]. For simplicity we will treat the bilayer as
a purely elastic, fluid membrane in the constant tension
regime, neglecting the separate dynamics of each leaflet.
The membrane free energy involves the mean curvature
H and surface tension γ [28, 30, 31]
F =
∫
S
dA
(κ
2
(2H)2 + γ
)
−
∫
∆PdV , (1)
where dA and dV are the area and volume elements on
S, κ is the bending rigidity, and ∆P is the pressure dif-
ference between the fluid inside and outside the tube.
Assuming radial symmetry and integrating over the vol-
ume of the tube we obtain
F = 2pi
∫ ∞
−∞
dz
κ
2
r
1√
1 + (∂zr)
2
(
∂zzr
1 + (∂zr)
2 −
1
r
)2
+γr
√
1 + (∂zr)
2 − 1
2
r2∆P
]
(2)
where r(z, t) is the radial distance of the axisymmetric
membrane from the cylindrical symmetry axis and z mea-
sures the coordinate along that axis, see S.I. for details.
We use Eq. (2) as a model for the free energy of a radial
arm of the CVC. Ion pumps create an osmotic pressure
difference that drive a flux of water to permeate through
the membrane. We calculate the dominant mode of the
hydro-osmotic instability resulting from the volume in-
crease of the tube lumen. We write the radius of the tube
as r(z, t) = R+ u(z, t), with u assumed small, and make
use of the Fourier representation u(z, t) =
∑
q u¯qe
ıqz.
Absorbing the q = 0 mode into R = R(t) allows us to
write
∫
u dz = 0. The free-energy per unit length can be
written at leading order as
F = F (0) + pi
R
∑
q
α(q)|u¯q|2 (3)
where
α(q) =
κ
R2
(
(qR)4 − (qR)
2
2
+ 1
)
+ γ(qR)2 −∆PR (4)
and
F (0) = 2pi
(
κ
2R
+ γR− 1
2
∆PR2
)
(5)
Identifying the static pressure difference ∆P with the
Laplace pressure PL = −κ/(2R3) + γ/R, the point at
which the q = 0 mode goes unstable can be identified:
the membrane tube is unstable for tube radii R >
√
3Req
where Req =
√
κ
2γ is the equilibrium radius of a tube with
∆P = 0. This criterion for the onset of the instability is
the same as the Rayleigh instability on a membrane tube
[24], however the instability is now driven by pressure
not surface tension. This is a crucial difference. It leads
to a qualitatively different evolution of the instability,
as we now show. In what follows we are interested in
the dynamics of the growth of unstable modes after the
cylinder has reached radius
√
3Req. Our initial condition
is a tube under zero net pressure, although the choice
of initial condition is not crucial. We assume that the
number of proton pumps moving ions from the cytosol
into the tubular arm depends only on the initial surface
area, i.e. it is fixed as the tube volume (and surface)
varies.
We denote the number of ions per unit length in the
tube as n and write an equation for the growth of n as
dn
dt
=
{
0, t ∈ (−∞, 0)
2piβReq, t ∈ [0,∞)
(6)
where β is a constant equal to the pumping rate of a sin-
gle pump multiplied by the initial area density of pumps.
The density of ions, ρI , can be obtained by solving
Eq. (6) and dividing by volume per unit length, v(t),
ρI =
n(t)
v(t)
=
n0
v(t)
+
2piβReqt
v(t)
. (7)
The growth of the tube radius is driven by a differ-
ence between osmotic and Laplace pressure [32]. This
means the rate equation for the increase in volume can be
written in terms of the membrane permeability to water.
Assuming that the water permeability (number of wa-
ter permeable pores) is constant during tube inflation,
we write the volume permeability per unit tube length
µ′ = 2piReqµ, where µ is the (initial) permeability of the
membrane. Thus
dv
dt
= µ′ (kBT (ρI − ρI (t = 0))− P ) (8)
where the osmotic pressure is approximated by an ideal
gas law. This can be transformed into an equation for
R(t) on the time interval t ∈ [0,∞). We identify P with
the Laplace pressure. This leads to
dR˜
dt˜
=
τpump
τµ
1
R˜
(
t˜
R˜2
+
(
1 +
γ˜
R˜
)(
1
R˜2
− 1
))
(9)
where γ˜ = γkBTReqρI(t=0) , τpump =
ReqρI(t=0)
2β , t˜ =
t
τpump
,
R˜ = RReq and τµ =
Req
µ′kBTρI(t=0)
. τpump and τµ represent
the time-scales of pumping and permeation of water re-
spectively. The experimental time-scale for radial arm
3inflation is consistent with a value of τpump ∼ 1− 10−1s.
These dynamics assume our ensemble conserves surface
tension, not volume (as in the usual Rayleigh instability).
This proves to be a crucial difference.
Values of Req = 25nm, γ = 10
−4N m−1 and hence
κ are estimated using experimentally measured values
from [33, 34]. We take a typical ionic concentration in
the cytosol of a protist for ρI(t = 0) = 3.0 × 108µm−3
(around 10 mMol) [12, 29, 35]. Making an order of mag-
nitude estimate of β from the literature on the CVC
[12, 36, 37] leads to estimates of β ∼ 106-109µm−2s−1.
Temperature is taken as T = 310K. The permeabil-
ity of polyunstaurated lipid membranes is thought to be
around µ = 10−4µm Pa−1s−1 [38]. This permeability
could be much larger in the presence of water channels
but we find that our results are rather insensitive to in-
creasing the value of µ because, for physiological param-
eter values, our model remains in the rapid permeation
regime, i.e. τµ/τpump  1. This permits a multiple time-
scales expansion [39] of Eq. (9). With γ˜ ∼ 10−3  1 we
find the approximate asymptotic solution
R˜(t) =
(
t
τpump
+ 1
)1/2
+O
(
τµ
τpump
)
. (10)
This solution agrees well with numerical solutions to
Eq. (9). Using Eq. (10) and Eq. (4) we can compute
the time at which each q mode goes unstable, see S.I.
We now proceed to deriving the dynamical equations
for the Fourier modes. The equations governing the sol-
vent flow are just the standard inertia free fluid equations
for velocity field ~v. These are the continuity and Stokes
equations for incompressible flow
~∇ · ~v = 0; ~∇P = η∇2~v (11)
where P is the hydrodynamic pressure and η = 10−3Pa.s
the viscosity. The linearised boundary conditions are:
vr|r=R = u˙ + vp, where vp is the permeation velocity
(proportional to the hydrodynamic pressure jump across
the membrane: vp = µ∆P |r=R), and vz|r=R = 0. The
second condition is justified by invoking the membrane
reservoir as a mechanism for area exchange.
Solving these equations and substituting into the mem-
brane force balance equation gives (in the small qR limit)
˙¯uq = −αL(q)
(
q2R(t)
8η
+
2µR(t)
R3eq
)
u¯q (12)
where u¯q is the Fourier representation of u in the z di-
rection (see S.I. for details). The response function αL
is obtained by replacing the static pressure difference by
the Laplace pressure PL in Eq. (4). Note that the term
involving µ, capturing mode growth due to permeation,
is only relevant for wavelengths λ > 100Req, hence we
will discard it in our analysis for simplicity (but retain
it in the numerics, for completeness). The growth rate
for a given mode is now time dependent, hence the mode
amplitude cannot be obtained from the maximum of the
growth rate, but depends on the growth history and must
be obtained by solving the full, time-dependent problem.
We identify the instability as being fully developed when
our linearised theory breaks down. We defined the dom-
inant mode of the instability, called qˆ, as the first mode
with an amplitude reaching
√〈|u¯qˆ|2〉 = Req (a choice
that does not influence our results, see S.I.). This occurs
at t = tfinal.
The fluctuations of modes with wavenumber q about
the radius R(t) follow the dynamics of the Langevin equa-
tion based on Eq. (12)
η(q) ˙¯uq = −αL(q)u¯q + ζq (13)
where η(q) = 8ηRq2 and ζq, the thermal noise, has the
following statistical properties
〈ζq〉 = 0 (14)
〈ζq(t1)ζq′(t2)〉 = δqq′δ (t1 − t2) kBTR
piη(q)
. (15)
Here the thermal noise is found using the equipartition
theorem, and is thus integrated around the tube radius.
Solving this Langevin equation for 〈|u¯q|2〉, using an
initial condition of an equilibrium tube and the approxi-
mate form of R˜(t) (Eq. (10)) we find an integral equation
for the mode growth
〈|u¯q|2〉
R2eq
=
kBT
2κpi(1 + q˜4)
e(F (0)−F (t˜))
+ e−F (t˜)
∫ t˜
0
kBT q˜
2(t˜′ + 1)
κpi
τpump
τη
eF (t˜
′)dt˜′ (16)
where t′ is a time variable integrating over the noise ker-
nel (in units of τpump), τη = 8R
3
eqη/κ, q˜ = qReq and
F (t) =
2τpumpq˜
2R˜(t)
15τη
×
(
40− 5t˜+ q˜2R˜(t)2
(
3t˜− 2 + 6q˜2R˜(t)2
))
(17)
Integrating this numerically, together with Eq. 10, we
can find the dynamics of the modes. The distribution
of mode amplitude against q is shown in Fig. 2. Al-
though the smallest q modes go unstable first, they have
very slow growth and so the mode that dominates the
instability arises from the balance between going unsta-
ble early (favouring low q) and growing fast (favouring
higher values of q).
We can compute numerically the natural wavelength
associated with the dominant mode, qˆ, the first to reach√〈|u¯q|2〉 = Req, see Fig. 3. This gives a dominant
wavelength λ ∼ 100 Req ∼ 2µm for parameters consis-
tent with the CVC, much larger than that found in the
Rayleigh instability, but consistent with observations of
the CVC [10]. Understanding why this is the case is
not straightforward by inspection of the growth equation
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FIG. 2. Plot of the distibution of mode amplitude
√〈u¯2q〉
against scaled wavenumber q˜ = qReq for t˜ = 2.0 (solid), 2.04
(dashed) and 2.08 (dash-dotted, the time when the first mode
reaches
√〈u¯2q〉 = Req), τη/τpump ∼ 10−6. Req = 25nm, γ =
10−4N m−1 and ρI(t = 0) = 3.0× 108µm−3
Eq. 16, but is more easily done by considering the time-
dependent growth rate Eq. 12 (graphically presented in
the S.I. - Fig.S2). Indeed, at the time t = tfinal, the dom-
inant mode qˆ whose amplitude reaches
√〈|u¯qˆ|2〉 = Req
is very close in value to the fastest growing mode (the
peak of the instantaneous growth rate) at that particu-
lar time, written q∗, which can be derived analytically as
a function of the tube radius from Eq. (12). As a result
of the quasi-static driving of the instability by the ion
pumps, the final radius is always only marginally above
the critical radius
√
3Req, see S.I. This is the main fac-
tor contributing to the long wavelength/small q instabil-
ity. In this regime, the fastest growing mode is given by
q˜∗ ≡ Reqq∗ = 1√2(3)1/4
(
R˜(tfinal)−
√
3
)1/2
to leading or-
der, see S.I. While a qualitatively similar regime exists
for tension driven instabilities, it is only valid very close
to the instability threshold and its observation would
require a very precise tuning of the tension. Far from
threshold, the Rayleigh or Pearling instability shows a
universal relationship q˜∗ ∼ 0.6Req [21–23, 26].
A related instability is that of a membrane tube un-
der osmotic shock (see S.I.), for which one finds the most
unstable mode to be q˜∗ ∼ 0.2. The difference between
the Rayleigh and osmotic shock instabilities is due to the
growth rate having a different response when driven by
a volume change compared to surface tension, see S.I.
for details. The constant volume (Rayleigh) instabil-
ity might be of limited relevance for the morphological
changes of cellular membrane tubes, as cellular mem-
branes typically contains a host of membrane channels,
including water channels, which allow fairly rapid water
transport across the membrane. The osmotic instabil-
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FIG. 3. Plot of dominant wavenumber qˆ = q∗Req of the insta-
bility against ratio of viscous to pumping timescales τη/τpump
and ratio of viscous to permeable timescales, τη/τµ. All other
parameters are the same as in Fig. 2. The blue rectangle
indicates typical physiological parameters.
ity that we analyse here recognises the presence of active
pumps in the organelle membrane, which can drive os-
motic changes in the organelle lumen [10]. There is some
correspondence between the fast pumping limit in Fig. 3
(τη/τpump large) and the osmotic shock situation. The
instantaneous growth rates have the same dependence in
the tube radius, but have a different time dependences as
the dynamics of tube inflation is different in both cases.
The osmotic shock limit is most likely not physiologi-
cally accessible to ion pumps. Crucially, one can see in
Fig. 3 that the instability length scale is set by dynamical
parameters, most importantly the ratio of the viscosity
and pumping time-scales. Varying τη/τpump has the ef-
fect of changing the time-scale over which the modes go
unstable. It is fortuitous that the dominant wavelength
does not depend strongly on the pumping rate (see S.I. -
Fig.S7), the parameter we can estimate least accurately.
This suggests a robustness to the wavelength selection
that may have important implications for the CVC’s bi-
ological function. In the physiologically accessible range
of parameters for pumping and permeation, this length
scale is much larger than the asymptotic limit for either
the Rayleigh instability or the osmotic shock instability.
We have developed a model for a water-permeable
membrane containing uni-directional ion pumps. Hydro-
osmotic instabilities realised in cells may be expected to
usually lie in this class. Deriving dynamical equations
for a membrane tube we identify an instability driven by
this osmotic imbalance. This has a natural wavelength
that is set by dynamical parameters and is significantly
longer than a Rayleigh or Pearling instability but is of the
same order as seen in the CVC radial arm. We speculate
that this instability may provide a mechanism for bio-
genesis of the CV from a featureless active tube: bulges
in the radial arm are similar in size to the main CV. We
will further address the question of this oganellogenesis
5in future work.
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6Supplementary Information
Differential geometry of the membrane
This manifold has mean curvature H and constant surface tension γ. The free energy for such a membrane is
F =
∫
S
dA
(κ
2
(2H)2 + γ
)
, (S1)
where dA is the area element on S and κ is the bending rigidity.
For the membrane tubes in which we are interested we parametrise the bilayer as an embedding in R3. Utilising
the cylindrical symmetry of the membrane tube we write this as a surface of revolution about the z axis with radius
r(z, t). This means that we will only consider squeezing (peristaltic) modes in our analysis. In Cartesian coordinates
this surface is parametrised by the vector ~R = (r cos θ, r sin θ, z), i.e. by the normal cylindrical polar coordinates.
From this we can induce covariant coordinates on the manifold as
~e1 =
∂ ~R
∂θ
= (−r sin θ, r cos θ, 0) (S2)
~e2 =
∂ ~R
∂z
= (∂zr cos θ, ∂zr sin θ, 1) . (S3)
This allows for the definition of a Riemannian metric as
gij = ~ei · ~ej for i, j = {1, 2}, (S4)
Hence the metric and its inverse are
g =
[
r2 0
0 1 + (∂zr)
2
]
, g−1 =
[ 1
r2 0
0 1
1+(∂zr)
2
]
. (S5)
To find the curvature of S we need to know how the normal vector, ~n, to the surface S varies. We can write this
normal vector as
~n =
~e1 × ~e2
|~e1 × ~e2| =
1√
1 + (∂zr)
2
(cos θ, sin θ,−∂zr) . (S6)
From this we can find the second fundamental form bij = ~n · ~ei,j where the comma denotes a partial derivative.
Taking the determinant and trace of
b ji =
1√
1 + (∂zr)
2
[−1
r 0
0 ∂zzr
1+(∂zr)
2
]
, (S7)
we find the mean and Gaussian curvatures
2H =
1√
1 + (∂zr)
2
(
∂zzr
1 + (∂zr)
2 −
1
r
)
(S8)
K =
−∂zzr
r
(
1 + (∂zr)
2
)2 . (S9)
If we consider the case where we are only interested in membranes that do not change topology then we can apply
Gauss-Bonnet theorem to the free energy term, integrating out the constant contribution of the Gaussian curvature.
Dynamics of radial growth due to water permeation
Approximate solution for slow pumping
Fig.S1 shows the agreement between the asymptotic solution to the radial dynamics: R˜(t) = (1 + t/τpump)
1/2
(Eq.10 - main text) and the full numerical solution of Eq.9 (main text).
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FIG. S1. Left: plot showing approximate solution (dots) and full numerical solution (solid line). Right: plot showing the
absolute error between the approximate solution and numerical solution.
We can find the radius R(q) at which the mode q first goes unstable by finding the zero of the α(q) polynomial,
Eq.4 (main text), defining R(q) =
√
3Req + δR(q). For the small q limit and assuming
δR(q)
Req
is small we find
δR(q)
Req
≈
√
3 (Reqq)
2
. (S10)
Using Eq.(S10) with the approximate solution for R(t) gives a formula for the time the mode q first goes unstable
t∗q ≈ τpump
(
2 + 6q˜2
)
(S11)
where q˜ = qReq.
Case of an osmotic shock
We can consider a tube with a fast-acting tension reservoir (something similar to the smooth spongiome), undergoing
osmotic shock. It is interesting to understand the dominant wavelength selection in such a case as the system may be
easier to implement in vitro than systems involving unidirectional ion pumps. If the radial expansion of the membrane
is driven by a hypo-osmotic shock, the radial dynamics are governed by the following growth equation
dR˜
dt˜
=
1
R˜
(
1
R˜2
∆ρ
ρ0
+
(
1 +
γ˜
R˜
)(
1
R˜2
− 1
))
(S12)
where t˜ = tτµ , γ˜ =
γ
kBTReqρ0
, R˜ = RReq , τµ =
Req
µkBTρ0
and ∆ρ = ρ0− ρshock is the change in ionic density of the outside
medium due to osmotic shock. Note that the normalisation chosen here is different from the one used in the text.
8Solution to the stokes equations
The equations governing the bulk flow are just the standard inertia free fluids equations for velocity field ~v. These
are the continuity equation for incompressible flow
~∇ · ~v = 0 (S13)
and the Stokes equation
~∇P = η∇2~v (S14)
where P is the hydrodynamic pressure and η the viscosity. The system has the following boundary conditions
vr|r=R = u˙+ vp (S15)
vz|r=R = 0 (S16)
where vp is the permeation velocity, the second boundary condition is justified by any local area change in the
membrane coming from exchange with the tension reservoir, the surrounding sponge phase. Hence there is no lateral
membrane flow (at least at this order).
If we write the velocity field in terms of a stream function ψ as
~v =
1
r
(∂zψ~er − ∂rψ~ez) (S17)
the continuity equation is automatically satisfied, and the Stokes equations can be solved to give
ψ =
{∑
q A1qrI1(qr) +B1(qr)
2I0(qr) r < R∑
q A2qrK1(qr) +B2(qr)
2K0(qr) r > R
(S18)
in the interior of the tube, where A1,2 and B1,2 are found from the boundary conditions. Iν(x) and Kν(x) are modified
Bessel functions of the first and second kind respectively.
From here we use the equation vp = µ(∆P )|r=R, where ∆P |r=R is the hydrodynamic pressure jump across the
tube membrane, and use the solution of the interior and exterior hydrodynamic pressure from the Stokes equations
to find a value of vp. In Fourier space this gives
v¯p =
˙¯uq
1
2qηχ(q)µ − 1
(S19)
where
χ(q) =
I0 (I0 − 1)
qRI20 − 2I0I1 − qRI21
− K
2
0
qRK20 + 2K0K1 − qRK21
.
The force balance equation at the membrane reads
(P − 2η∂rvr) |r=R = f (S20)
where f is the force required to displace the membrane to u and can be found from the free energy. Substituting the
velocity and pressure fields into this gives the dynamic equation for the modes u¯q
˙¯uq = −αL (q)
2ηR
1
X (q)
(1− 2qµχ(q)) u¯q (S21)
X(q) =
I0 (qRI0 − I1)
qR (I21 − I20 ) + 2I1I0
+
K0 (qRK0 −K1)
qR (K21 −K20 ) + 2K1K0
(S22)
with the shorthand Iν = Iν(qR) and Kν = Kν(qR)[24]. The elastic response function αL(q) is obtained by replacing
the pressure P by the Laplace presure PL = γ/R− κ/(2R3) in Eq.4 of the main text:
αL(q) =
κ
R2
(
(qR)4 − 1
2
(qR)2 +
3
2
)
+ γ
(
(qR)2 − 1) (S23)
Eq.(S21) can be used to describe the dynamical instability of a membrane tube subjected to different driving
mechanisms; an increase of membrane tension (Rayleigh instability), an osmotic shock, or the slow active pumping
mechanism we are primarily interested in. In the limit qR 1 this gives
˙¯uq = −αL(q)
(
q2R(t)
8η
+
2µR(t)
R3eq
)
u¯q (S24)
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FIG. S2. Location of the peak of the growth rate (q˜∗ ≡ Reqq∗) for a tube under constant tension, as a function of the tube
radius. The initial tube radius Req corresponds to the equilibrium radius of a tube under zero pressure.
Mode growth rates
We define the instantaneous growth rate G(q˜) =
˙¯uq
u¯q
from Eq.(S21). This growth rate shows a peak as a function of
q. The location of the peak depends on how the instability is driven. Starting with a stable tube under zero pressure
with radius R0 and membrane tension γ0, the instability can be driven by an increase of tension γ > γ
∗ = 3γ0 at
constant volume (Rayleigh instability), or by an increase in volume (or radius) R > R∗ =
√
3R0 at constant tension
(Osmotic instability). In the former case, and in the limit γ  γ∗, the growth rate reaches a universal shape with
a peak at R0q
∗ ' 0.6. The most unstable wavelength is thus entirely set by the initial tube geometry (its radius
R0). In the latter, the peak of the growth rate depends on the time-dependent radius and does not reach any sort of
universal behaviour. In fact the location of the peak is a non-monotonic function of the radius, first increasing, then
decreasing with increasing radius. Its largest possible value is R0q
∗ ' 0.2 and occurs for R ' 2.35R0, see Fig.S2.
As the fastest growing mode changes in time, it is the cumulative growth that is important. This means we must
integrate the growth of each q˜ mode over time, accounting for fluctuations, as discussed in the main text. However,
due to the exponential growth the dominant q-mode (the one that first satisfies
√
〈u¯2q〉 = Req at t = tfinal) is close
to the fastest growing q-mode at that particular time. The latter can be expressed in terms of δR˜(tfinal) =
δR
Req
=
R˜(tfinal)−
√
3, Fig.S3. It is important to note that whilst the growth rate relation does give a good approximation to
the dominant wavelength, there is a difference due to the history encoded in the full dynamical description.
The peak of the growth rate relation can be found analytically (dGdq˜ |q˜∗ = 0), and in the small q˜ limit is
q˜∗ =
√
−1− 32 ηµReq + 1R˜2 +
√
−17+4R˜2(1+8 ηµReq )+R˜4(1+32
ηµ
Req
(−1+32 ηµReq ))
R˜2√
6
(S25)
to leading order, in the µ→ 0 limit, this can be expressed as q˜∗ = (δR˜(tfinal))
1/2
√
2(3)1/4
, which is the expression given in the
main text.
The growth rate relation is quantitatively different from a Rayleigh instability due to the driving mechanism.
The functional dependence of the growth rate relation depends on the polynomial αL(q) describing the membrane
mechanics in q space (Eq.(S23)). The Rayleigh instability is driven by a surface tension γ > 3κ
2R20
at constant volume
(R(t) = R0), so that the magnitude of the q
4 term in Eq.(S23) doesn’t change. In the case of osmotic pressure
however, the instability is driven by a change in volume caused by the osmotic pressure, i.e. R >
√
3κ
2γ . This increases
the prefactor to the q4 term which means that the higher q modes are stabilised compared to the Rayleigh case. This
means that the dominant wavelength is skewed towards smaller q, Fig.S4.
Osmotic shock
Inserting the time-dependent solution of Eq.(S12) in the growth equation Eq.(S21) (including thermal noise, as in
Eq.13 of the main text) gives access to the evolution of the amplitude of the different modes. The exact value of
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FIG. S3. Dominant wave-number squared, q˜2, plotted against final radius minus critical radius δR˜(tfinal) = R˜(tfinal)−
√
3, the
solid line corresponds to the peak of the growth rate as a function of wavenumber and points represent the peak found by
numerically solving the full dynamics.
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FIG. S4. Normalized growth rate relation for a membrane tube undergoing a Rayleigh instability (R0 ∼ 10−2µm, µ = 0,
κ = 10kBT , γ = 89γ0, where γ0 = κ/(2R
2
0)) or responding to an osmotic shock under constant membrane tension (R(t = 0) =
Req = 10
−2µm, µ = 10−4µm Pa−1s−1, κ = 10kBT , R˜(t) = 2.35). These parameters are chosen such that they illustrate the
growth rate relations in the high tension limit for the Rayleigh instability (blue curve), or correspond to the maximal peak
wavelength in the case of osmotic shock (orange curve). The dispersion relation for the Rayleigh instability is obtained from
Eq.(S21), with constant radius and the limit µ → 0. For comparison the typical growth rate for physiological parameters in
the case of slow pumping (with R˜ =
√
3 + 0.05) is also shown (green curve).
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FIG. S5. Surface plot showing the dominant wave-number of an instability driven by osmotic shock when varying permeation
time-scale, τµ, and shock magnitude ∆ρ/ρ0.
the dominant q˜ depends on the permeability µ (or the time-scale τµ) and the magnitude of the shock ∆ρ/ρ0. A 3D
plot of how this varies is shown in Fig.S5. Comparison with the behaviour that arises in the presence of ion pumps
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FIG. S6. Plot of dominant wavenumber, qˆ, against cutoff criterion, C (see text). Crucially any dependence on C is very weak.
The values of τpump and τµ have been chosen to correspond with the four corners of the surface plot Fig. 3 in the main text.
All times are in units of seconds.
(Fig. 3 - main text) shows that the peak value of the dominant mode is the same in both case, and corresponds by
the peak of Fig.S2. This peak occurs for fast pumping (τη/τµ > 10
−2 - Fig. 3 - main text) or for strong osmotic shock
(∆ρ/ρ0 > 10 - Fig.S5), showing that these two situations are somewhat similar. However the details are different due
to the different dynamics of tube inflation in both cases.
The drop off in dominant wavelength of the osmotic shock instability when permeability and shock magnitude are
very large is caused by the decrease of the peak of the growth rate relation at very large radii (Fig.S2). This happens
because of a decrease in the contribution of the bending rigidity to the energy at large radii and small q˜. The surface
tension contribution to the energy remains, hence the instability starts to be dominated by surface tension. The only
contribution of the bending terms is to increasingly stabilise the larger values of q˜, thus pushing the peak wavelength
to lower q˜. Interestingly the bending rigidity in this limit acts in a qualitatively similar manner to a large difference
in viscosities discussed in the original fluid jet papers [19, 20].
Defining the dominant wavelength
Defining the dominante wavelength of a time dependent growth rate is in general a difficult task; as the peak of the
dispersion relation is time dependent we must instead consider the full growth history of each mode. We define the
dominant mode at linear order to be the first one to have 〈|u¯q|2〉 = CR2eq where C = 1. It is therefore a sensible thing
to check that the chosen value of the cutoff, C, has a minimal effect on our results, i.e. the dominant wavelength at
linear order should be constant for C ∼ 1. Plotting q˜∗ against C, Fig.S6, shows a weak logarithmic dependence of the
dominant wavenumber on C. The only pronouced effect for a cutoff around linear (C ∼ 1) order might be to shift
the values in the fast pumping limit by < 5%, the values for physiological parameters remain virtually unaffected.
Weak dependence of dominant wavelength on the pumping rate in the physiological range
The asymptotic solution presented in the main paper is valid for parameter estimates consistent with the CVC. It
is of interest to see how the wavelength of the instability varies with pumping rate in this limit. The wavelength of the
12
instability varies with pumping rate but very weakly (slower than logarithmically). The wavelength for time-scales
consistent with the CV pumping is λ ∼ 1µm which is of the correct order of magnitude for the CV and much larger
than the tube radius. The weak dependence of the wavelength on the pumping provides a robust mechanism of size
regulation, Fig.S7.
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FIG. S7. Plot of dominant length, λ, of instability against ratio of viscous to pumping time-scales τη/τpump for the asymptotic
solution found in the main paper (Eq. 10 - main text). Here τη/τµ = 10
−4. This plot is essential a cross-section of Fig. 3 in
the main paper for τη/τµ = 10
−4, but plotting wavelength instead of wavenumber q˜∗.
Note on numerical implementation
All the numerics shown in Fig. 2 and Fig. 3 of the main paper are implemented using a discrete Fourier transform, as
such the autocorrolation function, 〈|u¯q|2〉 has units of [Length]2, this choice of implementation is used to simplify the
criterion for the fully developed instability. The longest mode in real space is chosen to be 104Req, this corresponds
to a small enough spacing for the q space to approximate a continuum.
